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SoUnd Radiation from a Concave or a Convex Dome
in a Semi-Infinite Tube”®

HIDEO SUZUKI**

CBS Technology Center, Stamford, CT 06905, USA

The radiation characteristics of concave and convex domes in a semi-infinite lossless
tube are discussed. If the diaphragm is not flat, the far-field sound pressure (normalized
to the pressure of the flat piston) is not constant. A peak of 0.5-0.7 dB is observed
around the normalized frequency range of kA = 2.2-2.8 (where A is the radius of the
tube). The response then falls abruptly as the frequency approaches the value of the
first radial mode (kA = 3.83). The radiation resistance is proportional to the sound
pressure since any loss in the tube is ignored. The imaginary part of the radiation
impedance shows large negative values in the high-frequency range (kA = 2.5).

0 INTRODUCTION

One-dimensional wave propagation is a simple
mathematical problem, and this type of propagation is
also easily achieved by the use of a long wave tube.
For this reason, the air column has been used for different
kinds of studies of acoustics. The application of one-
dimensional wave propagation in a wave tube has been
used to study four areas:

1) Classical investigation of the acoustical properties
of a gas. Kundt measured the sound velocities in tubes
with different diameters and gases [1], [2].

2) Measurement of the absorption coefficient
(acoustical impedance) of materials [3], [4]. The “imped-
ance tube” has played a significant role in room acous-
tics and noise control.

3) Measurement of amplitude frequency responses
of high-frequency drivers [5]. The wave tube simplifies
the boundary conditions of the radiation from the driver
and is also expected to give a constant radiation imped-
ance.

4) Study of the nonlinear acoustical properties of a
gas. Since the pressure decrease of sound with increasing
distance is minimal for one-dimensional wave propa-
gation, nonlinear effects are more easily observed in
the tube.

Except for the third application, more interest is
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placed on the sound propagation of the far field from
the source than of the near field. In these cases, the
assumption of one-dimensional wave propagation is
well met since only a plane wave can travel a long
distance inside the tube.

In the third application, however, the near field as
well as the far field is important since the radiation
characteristics are effected significantly by the bound-
aries near the driver. Mostly the driver has a nonflat
diaphragm that produces a two- or three-dimensional
sound field. Therfore it is important to investigate the
effect of the diaphragm shape on the accuracy of this
measurement. Recently the effects of the diaphragm
shapes of convex and concave radiators in an infinite
baffle were investigated [6]-[9], and it was found that
a concave or a convex radiator in an infinite baffle has
different radiation characteristics than a flat diaphragm
with the same radius. A similar result is expected for
the nonflat diaphragm in a semi-infinite tube. The ra-
diation resistance may deviate from the expected value,
and if this is the case, the radiation reactance may have
nonzero values in the same frequency range. In this
paper the pressure responses and the radiation imped-
ance responses of convex and concave domes in a semi-
infinite tube are discussed. The frequency range of in-
terest is limited below the fréquency corresponding to
the first radial mode, which covers the typical repro-
duction range of the driver.
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1 LIST OF SYMBOLS

A radius of dome

B, matrix converting {a,} to {b,}

E square error

EI error index

H height of dome

1 intensity

J.0) nth-order cylindrical Bessel function

M,N maximum values of orders m and n,
respectively

0,0’ origins of coordinate systems

P,() nth-order Légendre functions of the
first kind

S radiator surface

Sa imaginary surface of dome opening

S3 surface of short tube

Uy velocity amplitude of dome in z di-
rection

w radiated power

VA radiation impedance

Zg radiation resistance

a,, b, unknown coefficients

c velocity of sound

i imaginary unit, = VvV —1

Jn() nth-order spherical Bessel function

k wavenumber

k, number satistying Jy(k,) = 0

IL,m,n orders of functions

r radius of cylindrical coordinate system

r radius of polar coordinate system

u,() velocity component of v direction

z axial component of cylindrical coor-
dinate system

IR G0 functions defined on surfaces §;—S3

] cone angle of spherical coordinate
system

0, angle of unit vector measured with re-
spect to z axis

K number given by k,,> = k% — k,?

v unit vector normal to surfaces S;—S;

p density of air

Yy, g velocity potentials

® angular frequency

* complex conjugate

2 GEOMETRY OF THE SYSTEM

The present method, which was used in [7]-[10],
can be applied to an arbitrarily shaped radiator. In the
present case, however, this method is more suitable
for the radiation from a concave dome than from a
convex dome. This leads us to use two different geom-
etries for the concave and convex domes.

Fig. 1(a) shows the geometry of the system with a
concave dome. The origin O is taken at the center of
the end of the semi-infinite tube (opening of the dome).
The cylindrical coordinate system (r, z) is used inside
the tube, and the spherical coordinate system (r;, 0) is
used inside the dome. The surfaces of the dome and
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the end of the semi-infinite tube are denoted by S; and
S,, respectively.

Fig. 1(b) shows the geometry of the system with a
convex dome. The origin O of the cylindrical coordinate
system (r, z) is at the top of the dome. The origin O’
of the spherical coordinate system (r;, 0) can be ar-
bitrary, even though the accuracy is highly dependent
on the location of this origin. The notations §, and S,
are the same as in Fig. 1(a). The surface of the short
tube connecting S; and §; is denoted by S§;. In both
cases the radiator vibrates as a piston with velocity Uy
in the z direction, and with angular frequency w.

3 MATHEMATICAL DISCUSSION

The method used here is called the least-square error
method, and the application of this method to a general
radiation problem is given in [10]. The mathematical
discussion here will be limited to the radiation problem
from the convex dome only, since it is more complex
than the problem of the concave dome.

The velocity potential inside the space surounded by
S1, 52, and §j is represented by

Ui(ry, 8) = 2 a,jkr)Py(cos 0) . (1)

n=0

The velocity potential of the wave propagating to
the positive z direction in the tube is represented by

[oo] ) km
Yu(r, 2) = D, bye J(,(X r) )
m=0

where Jo(k,r/A) satisfies the orthogonal condition

Ky k A?
LArJ()(X r>J0<X" r)dr > JoX k), m=n

:0’

Il

m¥# n .

3

The particle velocity on §; and S5 in the direction of v
is obtained by

adl[ 8r1 611:1 a(-)
S, 0) = —|— = + =/ —
uyri: ©) <6r1 v 96 av
= > a ¥, 0 @)
n=0
where
Wil(r,, 0) = —[kj,(kr))P,(cos @)cos(®, — 0)

—julkr)Py(cos 8) sin 6 sin(6, — 0)/r{] .
)]

This must be equal to the prescribed velocity distri-
butions on surfaces S| and S3. Thus we have
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>a, Y0 (r, 0)
n=0

Uy cos 9, on S;

= 0, on §; . 6)
On surface S, the velocity potential and the particle
velocity normal to the surface must be continuous, that
is,

Yi(ry, 0) = by, 2), on §, )
and
_ all’l(rl’ 9) - _ ad’H(r’ Z) , on Sz (8)
v 0z

where the unit vector v is parallel to the z axis on
surface S, (z = 0). From Eq. (7) using the orthogonality
condition Eq. (3), we have

= D 0B )
n=0

where

By, = FUETE 102 = f rJO< ) j(kr)P,(cos 0) dr .

(10)
Eq. (8) can be rewritten as

— > a,[kji(kr))P(cos 8) cos(d, — 0)
n=0

— Julkr)P'(cos 0) sin 0 sin(0, — 0)/r{]

-> b,,,(—iK,,,)J()(% r) ) (11)
m=0

Substituting Eq. (9) into Eq. (11), we have

>a,¥P =0, onSs, (12)
=0

where
Y, 8) = [kjs(kr)P,(cos 8) cos(d, — 6)

— Julkr1)P,(cos 0) sin 0 sin(8, — 0)/r,]

= k
+ 2 iK,,,J()(Xm r)B,,,,, .

m=0

(13)

Now if we truncate the orders m and n by M and N,
respectively, Eqs. (6) and (12) are not exactly satisfied,
and the square error can be defined as
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N
E = [5|2a,%(r, 0) — U, cos 9,ds
n=0

N
+ [ 2, a¥(ry, O)dS
n=0

N
+ [ol > a, ¥, 0)2dS .
n=0

(14)

The least-square error method allows us to minimize
Eq. (14). This is done by differentiating Eq. (14) with
respect to a,, n = 0, 1, , N, so that we obtain
N + 1 simultaneous equations:

N
2a"[fsl*’sslps‘l) \P?)* ds + fsz ‘I’E,Z) ‘1’52)* ds]

= [sUo cos 8, (" dS,

0,1,2,...,N. (15)

The solution of Eq. (15) gives the optimum set of
coefficients {a,} in the sense that the square error defined
by Eq. (14) is minimum. Once {a,} is determined, {b,,}
is given by Eq. (9).
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Fig. 1. Geometry of system with (a) a concave dome or (b)
a convex dome radiator in a semi-infinite tube.
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4 RESULTS AND DISCUSSION

The computer used for the present study was a mini-
computer (PDP 11/70). The values of the height-to-
radius ratio H/A used for the calculation were 0.5, 0.7,
and 1.0 for the concave dome, and 0.5 and 0.7 for the
convex dome. The accuracy of the results depends sig-
nificantly on the orders of the truncation M and N. M
and N (which were chosen such that M = N in the
present study) were 7 for the concave dome, and 12
(H/A = 0.5)and 14 (H/A = 0.7) for the convex dome.
The reason why larger numbers of M and N are needed
for the convex dome than for the concave dome is that
W(r;, 8) must satisfy a more complex boundary con-
dition in the problem of the convex dome. The accuracy
of the result is discussed in more detail in Section 4.3.

4.1 Sound Pressure Response

Below the frequency corresponding to the first radial
mode, only the pistonlike plan wave can propagate.

- Then the far-field sound pressure in the tube normalized

to the sound pressure of a flat piston is given by

Y (fairfield)
Y (piston)

_ opby _ kbo

pcly Ug

(16)

The results of the concave dome are shown in Figs.
2—4 for H/IA = 0.5, 0.7, and 1.0, respectively. The
pressure response rises gradually and then drops off
very quickly as the frequency approaches the cut-off
frequency (kA = 3.83). The peak values are 0.52 dB
at kA = 2.8, 0.66 dB at kA = 2.5, and 0.69 dB at
kA = 2.2 for H/A = 0.5, 0.7, and 1.0, respectively.
A direct radiator type driver with A = 1 cm may be
used in the frequency range of 5 kHz (kA = 0.94) to
20 kHz (kA = 3.8). Thus for the measurement of the
driver response, the frequency range of kA = 2-3 is
very important. The increase of the radiation efficiency
by 0.5-0.7 dB in this range may not be significant in
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Fig. 2. Normalized sound pressure response of a concave
dome with H/A = 0.5 in a semi-infinite tube.
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so far as the contributions of other error factors in the
measurement of the frequeny response will dominate.
The frequencies at which the response shows a 1-dB
decrease are kA = 3.6, 3.4, and 3.1 for H/A = 0.5,
0.7, and 1.0, respectively. These frequencies may be
considered the limiting frequencies for the measurement
of the sound pressure response. It should be noted,
however, that this is valid only when the diaphragm
vibrates as a piston.

The pressure responses of the convex dome are shown
in Figs. 5 and 6 for H/A = 0.5 and 0.7, respectively.
The response for H/A = 1.0 is not shown because the
expected accuracy was not achieved in this case. The
responses of the convex dome are very similar to those
of the concave dome. This indicates that convex and
concave radiators with approximately the same heights
or depth-to-radius ratios will behave quite similarly.
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Fig. 3. Normalized sound pressure response of a concave
dome with H/A = 0.7 in a semi-infinite tube.
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Fig. 4. Normalized sound pressure response of a concave
dome with H/A = 1.0 in a semi-infinite tube.
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4.2 Radiation Impedance

The time-averaged intensity on the surface of the
diaphragm is calculated by

I = iwpd(r, 6)Uy cos 6,/2 . an
The total radiated power is then obtained by
W = JsIdS. (18)

The normalized radiation impedance is calculated by
dividing Eq. (18) by the power radiated by the flat
piston such as

Z = 2W/pcmA*Uy . (19)
The result is shown in Figs. 7-9 for the concave dome
and in Figs. 10 and 11 for the convex dome. The upper
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Fig. 5. Normalized sound pressure response of a convex
dome with H/A = 0.5 in a semi-infinite tube.
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Fig. 6. Normalized sound pressure response of a convex
dome with H/A = 0.7 in a semi-infinite tube.
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curve shows the radiation resistance and the lower curve
the radiation reactance. If there is no error in the cal-
culation, the normalized sound pressure response is
calculated from the radiation resistance by 10 log Z.
The differences between the peak values of the pressure
response given in Section 4.1 and the peak values cal-
culated from the radiation resistance are less than 0.02
dB for the concave dome and less tha 0.04 dB for the
convex dome. These values are a good indication of
the accuracy of the results. It is worthwhile to find out
the ratio of the radiation resistance to the sum of the
electromagnetic and mechanical dampings of a driver.
For example, a dome loudspeaker with A = 1 cm,
Qo = 1,My, = 0.2 gram, and f; = 1 kHz has a damping
of 1.26 Q) (MKS). The radiation resistance is approx-
imately 10% of the sum of the electromagnetic and
mechanical dampings. From this example it is expected
that the contribution of the radiation resistance to the
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Fig. 7. Normalized radiation resistance (upper curve) and
radiation reactance (lower curve) of a concave dome with
H/A = 0.5 in a semi-infinite tube.
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Fig. 8. Normalized radiation resistance (upper curve) and
radiation reactance (lower curve) of a concave dome with
H/A = 0.7 in a semi-infinite tube.
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total damping may not exceed 20% for most cases.
The radiation reactance curve starts from zero and
gradually becomes negative, showing the minimum
below the cut-off frequency. A big difference between
the radiation reactances of the radiators in the infinite
baffle and in the semi-infinite tube is that the latter
always stays springlike (i.e., the imaginary part of the
impedance is negative) below the first resonance fre-
quency. The effect of the radiation reactance on the
motion of a loudspeaker diaphragm appears to be neg-
ligible, since it is much smaller than the reactance due
to the mass of the diaphragm in most practical cases.

4.3 Accuracy of Results

Since the true values are unknown, it is necessary
to have some indexes to evaluate the accuracy of the
results. The matching of the normalized sound pressure
shown in Section 4.1 and the response obtained by 10
log Zg from Section 4.2 is one of those indexes. As
was discussed in Section 4.2, the differences were less
" than 0.02 dB for the concave dome and less than 0.04
dB for the convex dome, both at peak frequencies. It
is expected that the magnitude of error (dB deviation
from the unknown true value) may be in the same order
with these differences.

Another way of estimating the accuracy is to check
the degree of matching of the velocity potentials and
particle velocities. For example, the error index EI can
be defined on surfaces §; and S5 such that [9]

N
El = {fsllEan\P;”(r,, 8) — U,(ri, 8)|* dS
n=0

N
+ [5] 2 a¥P(r, O)F dS} / TAWE . (20)
n=0

SOUND RADIATION FROM CONCAVE OR CONVEX DOME

The numerator is the integral of the square error of the
particle velocity on surfaces S; and S5, and the denom-
inator is the integral of the squared velocity (prescribed)
on surfaces S; and S3. On surface S, the error index of
the matching of the particle velocity is also defined in
the same way as Eq. (20). (The matching of the velocity
potential is always well satisfied by Egs. (9) and (10).
These indexes were less than 0.001 at the peak fre-
quencies, except for the convex dome with H/A = 0.7.
At both ends of the frequency range, the error indexes
tend to become larger than in the midfrequency range.
Using the values of M and N described at the beginning
of Section 4, however, the error indexes were reasonably
small in the range shown in Sections 4.1 and 4.2. From
the above discussion it may be concluded that the present
method has sufficient accuracy for the discussion of
the radiation characteristics of the concave and convex
domes in the semi-infinite tube.
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Fig. 10. Normalized radiation resistance (upper curve) and
radiation reactance (lower curve) of a convex dome with H/
A = 0.5 in a semi-infinite tube.
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Fig. 9. Normalized radiation resistance (upper curve) and
radiation reactance (lower curve) of a concave dome with
H/A = 1.0 in a semi-infinite tube.
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Fig. 11. Normalized radiation resistance (upper curve) and
radiation reactance (lower curve) of a convex dome with
H/A = 0.7 in a semi-infinite tube.
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5 CONCLUSION

Our numerical analysis of the radiation problem of
the concave and convex domes in a semi-infinite tube
shows that the radiation resistance is not constant even
if the diaphragm vibrates as a piston. The radiation
resistance reaches its maximum value of 0.5-0.7 dB
(for H/A = 0.5-1.0) around the frequency range of
kA = 2.2-2.8. The radiation resistance then drops
abruptly above this peak frequency. The radiation re-
actance becomes comparable with the radiation resist-
ance above around kA = 2.5, but its effect on the
radiation characteristics seems negligible since the
mechanical impedance of the driver dominates in this
range.

The deviation of the radiation resistance of the nonflat
diaphragm from that of the flat piston may not be sig-
nificant in most cases. It may certainly be possible,
however, to experience the worst case in which the
total error of the measurement system exceeds +2 dB
(the accuracy for the measurement of sound pressure
required in [11]), if we are not aware of the above-
mentioned radiation characteristics of a nonflat dia-
phragm in a wave tube.
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